Estimation of daily streamflow time series is of paramount importance for the design and implementation of river engineering and management projects (e.g., restoration, sediment-transport modelling, hydropower). Traditionally, indirect approaches combining stochastic simulation of rainfall with hydrological rainfall-runoff models are used. However, these are limited by uncertainties in model calibration and computational expense. Thus, this paper demonstrates an alternative, direct approach, for stochastic modelling of daily streamflow data, specifically seeking to address wellknown deficiencies in model capability to capture extreme flow events in the simulated time series.
INTRODUCTION
In recent years, ensuring the sustainability of the water resources and aquatic habitats of our river systems has become integral to legislative, management and engineering practices (European Commission ). Implicitly, this requires analysis of the long-term natural fluctuations (seasonality, floods, droughts and climate change) in streamflow records via backward-facing (historical data) and forward-facing (modelling) evidence-based approaches. This permits, for example: decisions on abstraction licensing or design of freshet release strategies to ensure appropriate flows for ecosystem productivity and pollution assimilation capacity; dynamic simulation of sediment/morphological response to variable flows for scheduling dredging intervention associated with flood risk management; feasibility assessments for design and operation of hydropower schemes. As many UK rivers now offer flow gauge data over 50 years, informed sustainable river management is largely dependent on the development of robust tools which allow for the generation of synthetic streamflow sequences (past and projected) and capture the natural variability in flow. For many such projects, common practice is to provide stochastic representations of climate information (e.g., rainfall) and use a hydrological rainfall-runoff model to estimate the corresponding flows in the river channels. Although many of these models have been shown to produce reliable results with ever increasing computationally efficiency (e.g., calibration and subsequent estimation of (potentially multiple) flow sequences can be extensive and, therefore,
costly. An alternative methodology combines stochastic models and gauged flow data to provide a more efficient procedure for the generation of multiple daily streamflow sequences. This requires less data, is much quicker to implement at multiple sites and is, therefore, receiving increased attention from the hydrological research community.
One of the simplest, and most common, methods for stochastic simulation of river flows is the use of an autoregressive-moving-average (ARMA) model. While in flow values means that the use of ARMA models for simulating daily streamflow sequences is far less common.
Although there have been recent studies (Martins ;
Can et al. ) these were focussed on international rivers with large (>20,000 km 2 ) catchments and a much stronger seasonality (wet and dry seasons) than occurs in the UK.
To the best of the authors' knowledge their use for smaller catchments or UK rivers has not been robustly tested.
A more complex approach, also employed in modelling daily streamflow, is the use of Markov models or variations (Yapo et al. , Xu et al. , , Szilagyi et al. , Augustin et al. ) . In their case study of the River Tees, UK, Augustin et al. () proposed the use of a Markov model within a wider, multinomial logit, modelling framework to generate daily streamflow. However, while the underlying transition of the flow values was described by a Markov type model, the estimation of state transition probabilities is complex (with a heavy dependence on a range of associated climate variables observed at time t and in the past) and aligns more with regression modelling rather than a traditional Markov model (MM). Also, as the precise flow rates within each state were estimated by random sampling of values from the associated continuous distribution, sampling bias towards values of high probability is possible; hence introducing errors and uncertainties into the approach.
To overcome these shortfalls, the current paper uses a hidden Markov model (HMM) based solely on statistical properties of daily averaged streamflow data. This approach to flow series simulation implicitly includes a more robust sampling methodology, via systemic selection of all values based on their probabilities. The flexible structure of the model permits comparison of a traditional HMM combined with the generalised extreme value GEV (HMM-GEV) or generalised Pareto (HMM-GP) distributions to better replicate the entire range of flows. As all previous studies have been restricted to single test catchments or comparison of sites with low variability in the flow regime, a further objective of the paper is to provide a robust assessment of the HMM's generic suitability to a number of catchments exhibiting a range of hydrological regimes. To achieve this, development of a meaningful, non-subjective and common method for partitioning the flow records also requires consideration.
STUDY CATCHMENTS
local economy. As such, it is important that the timing of spates, maintenance of flows and wider competition for water resources are managed in a manner to ensure longterm sustainability of the industry. The ability to generate long-term synthetic flow sequences, on rivers such as the Dee, can therefore be used in conjunction with habitat models to allow for the creation and implementation of future management plans.
The flow gauge is located at Woodend to the west of Banchory (OS grid reference NO634956) and has been active since 1929, with the data used in this study being recorded between 1929 and 2012. At this location the catchment area is 1,370 km 2 . The Flood Estimation Handbook (FEH) catchment descriptors indicate that the mean annual rainfall is 1,108 mm and 0.05% of the catchment is considered urban. 
River Falloch
The Falloch is located near Crianlarich in Glen Falloch, Stirlingshire. It is the main river that drains the surrounding mountains (maximum elevation 1,120 m AOD), before discharging into Loch Lomond at its northern end. Owing to its location, the catchment is mainly mountainous characterised by moorland and small amounts of forestry at the lower levels.
With the requirement for sustainable energy sources The gauge is located in Glen Falloch (OS grid reference NN3121194) and has been active since 1970, with the flow data used in this study being recorded between 1970 and 2012. The FEH catchment descriptors show that the mean annual rainfall is 2,848 mm and 0.00% of the 80 km 2 catchment is considered urban.
River Caldew
The Caldew is located in Cumbria and has its source on 
River Lud
The Lud is located in Lincolnshire and flows east then northeast from its source in the Wolds hill range (maximum elevation of 153 m AOD). During the 1700s the river was canalised just downstream of the town of Louth, with the majority of the flow being diverted into this new canal system. Although the canal is no longer used for inland navigation, it is still an integral part of the drainage system for the region. As such, the EA maintains a gauging station to measure the discharge in the canal. The gauge is located in the town of Louth (OS grid reference TF337879) and has been active since 1968, with the flow data used in this study being recorded between 1968 and 2013. The FEH catchment descriptors show that the mean annual rainfall is 698 mm and 2.56% of the 55 km 2 catchment is considered urban.
Site comparison
Comparing Figure 1 To better understand the difference in the natural hydrographs and provide an effective comparison between the sites, the recorded flows have undergone a unity based normalisation (Equation (1)) and log-transformation (log e ). This allows for easier visual comparison between the data sets.
Comparing the probability densities for the recorded flows 
MODELLING TECHNIQUES
ARMA modelling
An ARMA model is a method of analysing a stationary time series of data using an autoregressive and moving-average polynomial (Box et al. ) . The model is generally referred to as an ARMA(p,q) where p and q are the orders of the autoregressive and moving-average polynomials, respectively. The general form of an ARMA(p,q) model is described by Equation (2).
where X t is a time series of estimated data; c is a constant; ε t is a time series of white noise generated from a normal distribution (N(0,1)); and φ and θ are estimated parameters of the model.
Equation (2) allows for the generation of a synthetic time series from a fitted ARMA(p,q) model. (3) to the data from the River Dee.
where Q deseason is the de-seasonalised flow; Q is the log- (Table 2) were determined to be an ARMA(4,1), ARMA(2,2), ARMA(3,2) and ARMA(2,2) for the Dee, Falloch, Caldew and Lud, respectively. Table 3 provides the parameter estimates for each model using a maximum likelihood estimation procedure. 4. Define the emission probability matrix that contains the emission probabilities of all unobserved states that correspond to each observed state, i.e., an S × N matrix.
Hidden Markov modelling
5. Define a set of S initial probabilities for each discrete state following the method of Rabiner ().
As one of the objectives of this paper is to assess the general applicability of a HMM approach to UK catchments, it is important that the partitioning of the recorded flow time series into distinct states is consistent across all catchments;
this process is well-known to suffer from subjectivity (Augustin et al. ) and hence standard hydrological practices of using percentiles of flow is employed (Table 4 ). Each flow record is divided into 11 states, using increments of 10%, which ensures that each is sampled approximately the same number of times throughout the simulation and provides a transferrable methodology between test catchments. This is important, so as to ensure that the underlying flow values Gumbel) it is considered the most suitable for inclusion (Coles ) . Thus, a similar approach has been adopted here (HMM-GEV).
To implement this HMM-GEV framework, the GEV is fitted to recorded flow data above the 99th percentile using a maximum likelihood approach following the procedure of Coles (). The cumulative distribution function of the GEV is provided in Equation (4) with details of the parameter estimates for each catchment given in Table 5 . Figure 4 provides the quantile plots in order to assess the goodness-of-fit of the model, for the estimated parameters.
where μ is the location parameter; σ is the scale parameter;
and ξ is the shape parameter.
Similar to the GEV is the GP distribution, which is a threshold-based model that has been readily applied for modelling environmental extremes ( The selection of the thresholds was made from exploratory analysis of the data following the procedure recommended by Coles (). The cumulative distribution function of the GP is provided in Equation (5) with details of the parameter estimates for each catchment given in Table 6 . Figure 5 provides the quantile plots in order to assess the goodness-of-fit of the model, for the estimated parameters.
where u is the threshold level; σ is the scale parameter; and ξ is the shape parameter; ζ u ¼ Pr{X > u}.
Comparison of the quantile plots for both fitted models (Figures 4 and 5) shows that the use of the GP provides a better representation of the extreme tail of the flow data, for all catchments. This indicates that, for these data records, there are too many data above the 99th percentile to ensure a good fit with the GEV. As such, it is expected that, although improving on the ARMA model, the HMM-GEV will provide less realistic estimations of the upper extremes, compared to the HMM-GP.
As with the ARMA modelling, both HMM approaches were implemented using the R statistical software package to allow for efficient generation of synthetic flow sequences for each site.
RESULTS AND DISCUSSION

Analysis methods
To test the suitability of the modelling techniques at reproducing realistic flow sequences, the statistics of synthetic sequences were compared to those of the recorded values. 
where Q p , synthetic and Q p , recorded are the synthetic and recorded flow values at percentile p, respectively.
To provide a comparison between the ARMA, HMM-GEV and HMM-GP models, and each river, the overall relative mean absolute difference (RMAD) across the percentile range was determined as a percentage (Equation (7)):
where Q p,synthetic and Q p,recorded are the synthetic and recorded flow values at percentile p, respectively.
ARMA model
The probability density and percentage difference plots for the ARMA model are provided in Figure 6 (a)-6(d) and
6(m)-6(p), respectively. The RMAD were determined to be 5.6%, 6.0%, 38.5% and 5.1% for the Dee, Falloch, Caldew and Lud, respectively.
The results from the ARMA modelling show that generating synthetic flow sequences is more successful on the 
HMM extreme value models
The probability density and percentage difference plots for the HMM-GEV model are provided in Figure 6 (e)-6(h) and 6(m)-6(p), respectively. The modelling resulted in a RMAD of 1.9%, 3.8%, 4.4% and 2.9% for the Dee, Falloch, Caldew and Lud, respectively. Equivalent plots for the HMM-GP model are provided in Figure 6 (i)-6(l) and 6(m)-6(p), with the RMAD determined to be 1.4%, 1.5%, 1.9% and 1.1% for the Dee, Falloch, Caldew and Lud, respectively.
The HMM-GEV model is shown to produce more realistic results than that of the ARMA model. For the HMM-GEV, all data between the 0 and 95th percentiles lie within the ±10% acceptability limit, with the majority falling within ±5% (Figure 6 CONCLUSIONS This paper has compared and contrasted a simple ARMA approach to more complex HMM methods for stochastic generation of daily streamflow sequences. In developing an appropriate HMM methodology, the use of GEV and GP extreme value distributions has been analysed and a generic methodology for the partitioning of the flow record has been developed in line with standard flow percentile descriptors. All models were tested across four UK catchments of geographic diversity and varying hydrologic regime.
The ARMA model has the advantages of: being much simpler to implement; being unconstrained by estimates to a number of decimal places; and having no requirement for an emission probability matrix. These results showed that the ARMA model is reasonably capable of producing acceptable (within ±10% of recorded values) realisations within the 5th to 95th percentile range, but unable to effectively capture extreme values. This limits the use of an ARMA model to catchments with flow regimes with highly attenuated hydrographs and, therefore, it has been determined that ARMA is unsuitable for accurate representation of the entire flow regime for the range of UK catchments modelled.
As the alternative HMM method makes use of the actual probabilities of transitioning between flow states and probabilities of occurrence within these states, a HMM has been shown to be more suitable for modelling a range of flow time series with different characteristics. As the traditional HMM is limited for streamflow data sets due to the long data tail and sparseness of recorded values in this part of the distribution, it has been proven that accurate simulation of extreme flows requires the HMM to be combined with a GP extreme value distribution, to sample values above the 99th percentile. The HMM-GP model output accurately (RMAD < 2%) simulated the full range of flows for all hydrological regimes of the UK case studies tested, showing robustness of methodology and confidence in generic applicability. It is therefore advocated that, provided that a sufficient historic data set exists, use of a HMM-GP approach, combined with a consistent percentile-based method for partitioning of the flow record, makes for an accessible and straightforward modelling tool that can be readily applied in practice. The use of the outputs of such an approach, in conjunction with more detailed hydraulic models, will significantly benefit a range of detailed sustainability assessments paramount to the future security of water resource, flood risk and ecosystem management in UK river systems.
